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On the Geometry of Planar Difference Sets 
DIETER JUNGNICKEL AND KLAUS VEDDER 
Let D be an abelian difference set for a projective plane II of order n. Then - D is an oval of 
II. Using this we show that n = 0 mod 8 if n > 4 is even. To this end, we also generalize some 
known existence conditions for cyclic planar difference sets to the abelian case. 
1. INTRODUCTION 
One of the outstanding problems in finite geometries is the question whether every 
(finite) projective plane admitting an abelian Singer group is Desarguesian. Ott [13] proved 
that planes admitting at least two distinct cyclic Singer groups are Desarguesian. Not much 
is known apart from this and the empirical evidence is not that large either. This led to the 
study of the following problem: 
Is the order of every finite projective plane which admits a cyclic (or abelian) Singer 
group a power of a prime? 
This holds for all orders .s3600 (due to V. H. Keiser, see [3, p. 209]). The proof rests on 
a lot of restricting conditions on the order n. Most of these conditions are obtained by 
using multiplier theorems. All these results rely heavily on non-trivial algebraic methods; 
this might explain that the geometric aspect of the question was neglected after Hall [ 4], 
who pointed out the following result for cyclic groups: 
RESULT 1.1. Let D be an abelian difference set for a projective plane II of order n. Then 
the mapping 
u:x~D-x 
indJces a polarity of II whose absolute points form an oval if n is odd or a line if n is even. 
Hall [ 4] used this to obtain the following: 
CoROLLARY 1.2. Let D be an abelian difference set for a projective plane of order n. 
Then 2 is a multiplier of D if and only if n is even. 
This is obvious from Result 1.1 by realizing that the set of absolute points of u is just !D. 
It gives a purely geometric proof of the existence of the multiplier 2 for even n. We will 
prove a geometric result similar to Result 1.1 (i.e. that - D is always an oval, regardless 
whether n is even or odd). This yields, together with some algebraic results a proof that a 
finite projective plane of even order n > 4 which admits an abelian Singer group can only 
exist if n = 0 mod 8. 
2. OVALS FROM DIFFERENCE SETS 
Our fundamental tool is the following result which is basically due to Bruck [2]. 
LEMMA 2.1. Let D c G be an abelian difference set (in the group G) for a finite projective 
plane II. Then - D + y is an oval of II for every y E G. Furthermore D + y- 2d is the tangent 
to -D +y at the point -d +y. 
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PROOF. We have to show that any line D + x intersects - D + y at most twice. We may 
assume the existence of a point of intersection, say a. 
Now there are d, d 1 ED with 
a=d+x=-d 1 +y, hence d+d 1 =y-x. 
If b is another point of intersection, then there exist d1, d; E D with d1 + d; = y- x. Hence 
d-dl=d;-dl 
and thus d 1 = d 1 and d; = d as D is a planar difference set. This shows that b is uniquely 
determined by a and, therefore, 
I(D +x)n (-D + y)i ~ 2. 
As one may always rewrite d + x = -d~ + y as d 1 + x = -d + y, it is also obvious that a 
second point of intersection exists providing that d-¥ d 1• Thus D +xis the unique tangent 
to - D + y at the point - d 1 + y iff d = d 1, hence iff x = y - 2d. 
Lemma 2.1 implies that -I is never a multiplier for an abelian planar difference set 
(Johnsen [9]). 
CoRoLLARY 2.2. The set of ovals {-D+y: yE G} in II forms the projective plane 
dev(-D) isomorphic to II. Hence 
(G,{t:D+x: xE G, t: = ±1}, E) 
is an abelian 2- ( n2 + n + 1, n + I, 2)-design (where n is the order of II) satisfying 
lA n Bl ~ 2 for any two blocks A, B. 
Such designs exist whenever n is a power of a prime (with G the cyclic group of order n2 + n + 1 ). 
By a theorem of Segre (14] every oval in a finite Desarguesian plane of odd order is a 
conic. Hence - D is not only an oval but also a conic in this case. In fact, this holds in 
a bigger class of fields. 
THEOREM 2.3. Let F be a commutative field. If there exists an element c E F such that 
the polynomial x 3 - x - c is irreducible over F, then the projective plane over F admits an 
abelian Singer group with difference set D such that - D is a conic. 
PROOF. Let a be a root of the irreducible polynomial x 3 - x- c in an extension field 
K = F(a) of degree 3. Then 
(x +ya)(x2 - y 2 -xya + y 2a 2) = x 3 -xy2 + y 3 c. 
Now consider the projective plane based on the F-vector space K, with homogeneous 
coordinates a-o, ~~> ~2) relative to the basis {1, a, a 2}. The multiplicative group of K induces 
a regular abelian group of automorphisms of the plane. If D is the difference set 
corresponding to the line ~2 = 0, then -Dis the set of points with homogeneous coordinates 
(x2 - y 2 , - xy, y 2). This is precisely the conic ~0~2 - ~~ + ~j_ = 0. 
We note that every finite field contains an element c such that x 3 - x- c is irreducible 
over F. 
A further consequence of Lemma 2.1 is the following 
CoRoLLARY 2.4. Under the assumptions of Lemma 2.1, we define a new incidence 
structure r whose point set is the line set of II and whose block set is the set of ovals 
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{-D+y:yEG}, where 
(D +x)J(-D +y) iff D + x is a tangent to - D + y. 
Then r is a projective plane isomorphic to II and in fact r = dev(-2D). 
PROOF. Identifying the line D +X of II (a point of n with X E G, we see that the oval 
-D+y of II (a block of F) has to be identified with the set -2D+yc G. 
3. DIFFERENCE SETS FOR PLANES OF EVEN ORDER 
It is well-known that the tangents of an oval C in a finite projective plane II of even 
order n are concurrent at a point of II, the knot k of C. Then C u { k} is a hyperoval of 
II and each line of II intersects C u {k} in 0 or 2 points (see, for instance, Hughes and 
Piper [8]). We will consider the hyperovals determined by the ovals of Section 2. We 
begin by determining their knots. 
LEMMA 3 .1. Let D be an abelian difference set for a projective plane of even order n and 
assume 2D = D. Then the knot of the oval - D + y is y. 
PROOF. Notice that, by Corollary 1.2, we may indeed assume 2D = D as each multiplier 
fixes some translate of D. But then D + y- 2d contains y for all d E D which proves the 
assertion by Lemma 2.1. 
LEMMA 3.2. Let D be an abelian difference set for a projective plane of even order n > 2. 
Then II contains two hyperovals which intersect precisely once. 
PROOF. We may assume 2D =D. By Corollary 2.3, it is clear that the ovals - D and 
- D + y (withy¥- 0) intersect precisely once. Thus it suffices to show that y may be chosen 
in such a way that neither of the respective knots is contained in the other oval. By 
Lemma 3.1, this will be true iff 0 e - D + y and y ~ -D. These conditions rule out all 
y E D u (-D) and thus at most 2( n + 1) + l < n 2 + n +I values of y. 
We remark that for n = 2 any two of the hyperovals determined by the ovals - D + y 
intersect in precisely two points and thus form the unique biplarie on 7 points. 
The following lemma has been proved, using coding theory, by MacWilliams, Sloane 
and Thompson [10] for n = 10. Their proof can be generalized to all n = 2 mod 4. Here 
we will give a simple counting argument. 
LEMMA 3.3. Let II be a projective plane of order n = 2 mod 4. Then any two hyperovals 
of II intersect in an even number of points. 
PROOF. Assume the existence of two hyperovals C, C' intersecting in precisely 2a +I 
points. We count all flags (p, S), where p E C and Sis a secant of C' (and, of course, also 
of C). This yields n + 1 such pairs whenever p E C n C' and (n +2)/2 such pairs for every 
other point p of C, thus altogether 
(2a + l)(n +I) +1(n -2a + l)(n +2) 
pairs (p, S). As each S is counted in two pairs, the total number of common secants of 
C and C' is 
~(n 2 +2an +5n +4). 
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This is easily seen to be non-integral, a contradiction. 
Lemmata 3.2 and 3.3 yield the following 
CoROLLARY 3.4. Let D be an abelian difference set for a projective plane II of even 
order n > 2. Then n = 0 mod 4. 
Using known existence conditions on cyclic difference sets, Corollary 3.4 can be 
improved in this case. In fact the auxiliary results needed can be generalized to the case 
of abelian groups which we will show in Section 4. Anticipating these results we show 
THEOREM 3.5. Let D be an abelian difference set for a projective plane of even order n. If 
n > 2 then n = 4 or n = 0 mod 8. 
PROOF. By Corollary 3.4, n = 0 mod 4. Suppose n = 4 mod 8. Then n is a square, say 
n = m2 (see 4.2 below). Hence there exists an abelian difference set for a plane of order m 
(see 4.4 below). Since m is even, we may again apply Corollary 3.4 to obtain m = 0 mod 4 
(and thus the contradiction n = 0 mod 16) or m = 2 and n = 4. 
In the case of cyclic difference sets the above proof holds using Results 4.5 and 4.8 in 
Baumert [I] instead of those of Section 4. Our result also improves the known existence 
conditions for cyclic projective planes of even order n (cf. Baumert [I, p. 88]). Only the 
case n = 6 mod 8 was known to be impossible, although there were also certain restrictions 
in the cases n = 2 or 4 mod 8. 
4. SOME EXISTENCE TESTS FOR ABELIAN PLANAR DIFFERENCE SETS 
We now prove the auxiliary existence tests needed in the proof of Theorem 3.5. The 
first of these rests upon the following result of H. B. Mann (see [11, Cor. 7.2.3]). 
RESULT 4.1. Let D be a (v, k, A)-difference set in an abelian group G and let v* be the 
exponent of G. If some multiplier of D has even order mod v*, then n = m2 or n = m 2q for 
some integer m and a prime q. Furthermore v* is a power of q. 
THEOREM 4.2. Let t be a multiplier of an abelian difference set D for a plane of order 
n and let p and q be prime divisors of n and v = n 2 + n + 1, respectively. Then each of the 
following conditions implies that n is a square: 
(a) t has even order mod q; 
(b) p is a quadratic non-residue mod q; 
(c) n = 4 or 6 mod 8; 
(d) n=1 or2mod4andp=3mod4; 
(e) n = n1 or ni mod ni+n1 +I and pis of even order mod nf+n 1 +I. 
PROOF. If t has even order mod q, then clearly t has even order mod v*. Thus n is a 
square under this assumption as (n, v) = 1. This proves (a). The remaining assertions 
follow in exactly the same way as in the proof of Theorem 4.5 in Baumert [I]. 
LEMMA 4.3. Let D be a ( v, k, A )-difference set in an abelian group G and lett be a multiplier 
of D. Then the number of fixed points oft is a multiple of ( t - 1, v ). 
PROOF. Let d = ( t -1, v ). Then x E G is fixed under t iff ( t- 1) x = 0. Now the order 
of x divides both t- I and v. Hence the number of fixed points of t is the number of 
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solutions of dx = 0 in G. But this number is a multiple of d according to a result of 
Frobenius (see, for instance, Hall [5, Th. 9.1.2]). 
THEOREM 4.4. Let D be an abelian difference set for a plane II of order n = m 2 • Then 
there exists an abelian difference set for a plane of order m (which yields a Baer sub plane 
of II). 
PROOF. According to the multiplier theorem of Hall [ 4], m and hence m 3 is a multiplier 
of D. By Lemma 4.3, the number of fixed points of m 3 is a multiple of d = 
(m 3 -1, m4 + m 2 + 1) = m2 + m + 1. As d > 1, there is a difference set for a plane on cd 
points in the subgroup H of G consisting of the fixed elements of m3 (see, for instance, 
Mann [11, Th. 7.8]). Clearly, this induces a subplane 1: of II. Notice that this subplane 
is proper as m4 + m 2 + 1 has prime divisors p not dividing d. But any subplane of II has 
order ~m. Hence 1: has order exactly m and is thus a Baer subplane of II. Notice that 
the number of fixed points is equal to d. 
Theorem 4.4 is due to Ostrom [12] in the case of cyclic difference sets. 
5. FURTHER RESULTS 
Corollary 2.5 suggests trying to use lines and ovals as points and blocks and to define 
incidence by 
(D+x)I(-D+y) iff D +xis a secant of -D +y 
(or an exterior line etc.) and to check whether one obtains any symmetric designs this 
way. In fact, this wiii never happen for n > 2. Nevertheless, the resulting structures have 
rather special properties. For example, if n = 0 mod 4 but n 'F 1 mod 3, then the secant 
condition yields a partially symmetric design (in the sense of Hughes [7]) with parameters 
v = b = n2 + n + 1, k= r= n(n +1) 2 ' and 
n(n + 1) 
A2= . 
4 
These exist for all integers n = 22a+t, in particular, for v = b = 73, r = k = 36, A1 = 16 and 
A2 = 18. As they also always admit a cyclic Singer group and as the difference between 
the two A-values is quite small, they might not be totally without interest. The interested 
reader may compute other cases for himself. The case mentioned follows easily from the 
proof of Lemma 3.3. 
Finally, we would like to point out that the proof of Theorem 3.5 shows that the 
geometry of difference sets seems to deserve study. A particular problem which should 
be investigated is the geometric role of automorphisms 1/1 of the given Singer group G. 
Multipliers are just those 1/J which induce an automorphism of the plane dev D. Certain 
non-multipliers yield ovals. This is true for 1/J =! and thus for 1/J = 2, by Result 1.1, for 
1/J = -1, by Lemma 2.1, and of course for values 1/Jt, where tis a multiplier. Unfortunately, 
it seems that most non-multipliers do not yield ovals. A computer search of the cyclic 
difference sets belonging to the Desarguesian planes of order n < 100 (taken from the 
tables in Baumert [I]) did not reveal any other possibilities. 
In this context we mention the following 
ExAMPLE 5. I. Let D be a cyclic difference set which is fixed by all multipliers. Assume 
that D contains a unit and (wlog) that 1 ED. Let H be the group of multipliers; then 
H s; D and I Hi ~ 3. Assume further that D\H contains a unit d. Then dH s; D, thus 
I D n dDI"" 3 and dD ¥- D. 
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We note that in the Desarguesian case D\H cannot contain a unit for all n E 
{2, 3, 4, 8, 9, 16}, since !HI ;;a.!jDj. (The multiplier p has order 3a if n = pa.) In the 
remaining cases with n < 100 a computer search showed the existence of a unit in D\H. 
Again we used the difference sets listed in Baumert [1], however with the following 
modifications: n = 7, a shift by 19 followed by a multiplication with 4- 1; n = 13, a 
multiplication by 2- 1 ; n = 17, a shift by 191. 
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